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Abstract 

Let A be a set of integers. For every integer n, let rA,2{n) denote the 
number of representations of n in the form n — ai + 0,2, where 0,1,0,2 £ A 
and a\ < 0,2- The function va,2 '■ Z — > No U {00} is the representation 
function of order 2 for A. The set A is called an asymptotic basis of 
order 2 if r2 2 (0) is finite, that is, if every integer with at most a finite 
number of exceptions can be represented as the sum of two not necessarily 
distinct elements of A. It is proved that every function is a representation 
function, that is, if / : Z — > No U {00} is any function such that / -1 (0) 
is finite, then there exists a set A of integers such that f(n) = rA,2( n ) f° r 
all n £ Z. Moreover, the set A can be constructed so that card{a € A : 
\a\ < x} > x 1/3 . 

1 Representation functions 

Let N, No, and Z denote the positive integers, nonnegative integers, and inte- 
gers, respectively. Let A and B be sets of integers. We define the sumset 

A + B = {a + b: aeA and b £ B}, 



and, in particular, 

2A = A + A = {ai + a 2 : a\ , a 2 £ A} 
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and 

A + b = A + {b} = {a + b : a E A}. 

The restricted sumsets are 

A+B = {a + b : a E A, b G B, and a ^ b} 

and 

2AA = v4+A = {ai + 02 : a%, a% E A and a% ^ 02}. 
Similarly, we define the difference set 

A - B = {a-b: a E A and b E B} 

and 

-A = {0} - A = {-a : -a E A}. 
We introduce the counting function 

A(y,x)= L 

y<a<x 

Thus, A(—x,x) counts the number of elements a E A such that \a\ < x. 

For functions / and g, we write / g if there exist numbers cq and Xo 
such that \f(x)\ > co\g(x)\ for all x > xq, and / <C g if < co|<?(cc)| for all 

a; > xo. 

In this paper we study representation functions of sets of integers. For any 
set A C Z, the representation function r^ 2( n ) counts the number of ways to 
write n in the form n = at + 02, where 0,1,0,2 E A and a! < a 2 . The set 
A is called an asymptotic basis of order 2 if all but finitely many integers can 
be represented as the sum of two not necessarily distinct elements of A, or, 
equivalently, if the function 

r A 2 : Z -h. N U {00} 

satisfies 

card(r^ 2(0)) < °°- 

Similarly, the restricted representation function rA,2{n) counts the number 
of ways to write n in the form n = a% +02, where 01,02 E A and a\ < 02- The 
set A is called a restricted asymptotic basis of order 2 if all but finitely many 
integers can be represented as the sum of two distinct elements of A. 

Let 

/ : Z -> No U {00} (1) 

be any function such that 

cardCT^O)) < 00. (2) 

The inverse problem for representation functions of order 2 is to find sets A such 
that rA,2{n) = f(n) for all n E Z. Nathanson 0] proved that every function / 
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satisfying and © is the representation function of an asymptotic basis of 
order 2, and that such bases A can be arbitrarily thin in the sense that the 
counting functions A(—x, x) tend arbitrarily slowly to infinity. It remained an 
open problem to construct thick asymptotic bases of order 2 for the integers 
with a prescribed representation function. 

In the special case of the function f(n) — 1 for all integers n, Nathanson |S] 
constructed a unique representation basis, that is, a set A of integers with 
fA,2(n) = 1 for all n £ Z, with the additional property that A(— x,x) 3> logx. 
He posed the problem of constructing a unique representation basis A such that 
A{— x, x) S> x a for some a > 0. 

In this paper we prove that for every function / satisfying and there 
exist uncountably many asymptotic bases A of order 2 such that rA,2{n) = f(n) 
for all n £ Z, and A(— x, a;) 3> X 1 / 3 . It is not known if there exists a real number 
S > such that one can solve the inverse problem for arbitrary functions / 
satisfying JTJ) and (gj with A(-z,a;) > x 1/3+s . 

2 The Erdos-Turan conjecture 

The set A of nonnegative integers is an asymptotic basis of order 2 for No if 
the sumset 2A contains all sufficently large integers. If A is a set of nonnegative 
integers, then 

< r At2 (n) < oo 
for every n G No. It is not true, however, that if 

/ : N - N 

is a function with 

card(/" 1 (0)) < oo, 

then there must exist a set A of nonnegative integers such that r A 2{n) = f(n) 
for all n G N . For example, Dirac pQ proved that the representation function 
of an asymptotic basis of order 2 cannot be eventually constant, and Erdos 
and Fuchs proved that the mean value ^2 n<x rA,2(n) of an asymptotic basis 
of order 2 cannot converge too rapidly to cx for any c > 0. A famous con- 
jecture of Erdos and Turan [2] states that the representation function of an 
asymptotic basis of order 2 must be unbounded. This problem is only a special 
case of the general inverse problem for representation functions for bases for 
the nonnegative integers: Find necessary and sufficient conditions for a function 
/ : No — > No satisfying card (/ _1 (0)) < oo to be the representation function of 
an asymptotic basis of order 2 for N . 

It is a remarkable recent discovery that the inverse problem for represen- 
tation functions for the integers, and, more generally, for arbitrary countably 
infinite abclian groups and countably infinite abelian semigroups with a group 
component, is significantly easier than the inverse problem for representation 
functions for the nonnegative integers and for other countably infinite abelian 
semigroups (Nathanson 5 ). 
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3 Construction of thick bases for the integers 



Let [x] denote the integer part of the real number x. 

Lemma 1 Let f : Z — ► N U {00} be a function such that / _1 (0) is finite. 
Let A denote the cardinality of the set / (0). Then there exists a sequence 
U = {ufc}feLi °f integers such that, for every n £ Z and k G N ; 

f(n) = cardjfc > 1 : Uk = n} 
. , "fc + Al 

M < — ^— 

Proof. Every positive integer m can be written uniquely in the form 

m = s 2 + s + 1 + r, 
where s is a nonnegative integer and \r\ < s. We construct the sequence 
V = {0, -1, 0, 1, -2, -1, 0, 1, 2, -3, -2, -1, 0, 1, 2, 3, . . .} 

— { u m} m=li 

where 

v s 2 +s+ i +r = r for \r\ < s. 

For every nonnegative integer k, the first occurrence of — k in this sequence is 
v k 2 +1 = —k, and the first occurrence of k in this sequence is vrk+1) 2 = k- 

The sequence U will be the unique subsequence of V constructed as follows. 
Let n £ Z. If f(n) = 00, then U will contain the terms v s 2 +s+l+n for every 
s > |n|. If /(n) = ^ < 00, then {/ will contain the I terms w s 2 +s+i+n f° r 
s = \n\, \n\ + 1, . . . , |n| +^—1 in the subsequence U, but not the terms v s 2 +s+1+n 
for s > \n\ + 1. Let mi < m 2 < m 3 < • • • be the strictly increasing sequence 
of positive integers such that {v mk }kLi IS the resulting subsequence of V. Let 
U = {«fe}feLi, where w fc = u mfe . Then 

/(n) = cardjfc > 1 : Uk = n}. 

Let card (/ _1 (0)) = A. The sequence U also has the following property: If 
I ttfe I = n, then for every integer m ^ .f _1 (0) with |m| < n there is a positive 
integer j < k with Uj = m. It follows that 

{0, 1, -1, 2, -2, . . . ,n - 1, -(n - 1)} \ /"^O) C { Ul , n 2 , . . . , u^}, 

and so 

fc — 1 > 2(n - 1) + 1 - A. 

This implies that 

1 ^ fc + A 
\Uk\ = n< — - — . 



4 



Since Uk is an integer, we have 



\u k \ < 



k + A 



This completes the proof. □ 



Lemma 2] is best possible in the sense that for every nonnegative integer A 
there is a function / : Z — > No U {00} with card (/ _1 (0)) = A and a sequence 
U = {u/c}fcLi of integers such that 



\Uk\ 



k + A 



for all k> 1. 



For example, if A = 25 + 1 is odd, define the function / by 

f{n) = 

and the sequence U by 



if \n\ < S 

1 if n ><J + 1 



u 2 t-i =5 + i, 
U2i — —{5 + i) 



for all i > 1. 

If A = 2(5 is even, define / by 



if -6 < n < 6 - 1 

1 if n > 6 or n < —5 — 1 



and the sequence U by u\ =8 and 

u 2 i = 5 + i, 
U2i+i = -(8 + i) 

for all i > 1. In both cases the sequence U satisfies 

Theorem 1 Let / : Z — > No U {00} 6e any function such that 

A = card(/- 1 (0)) < 00. 

Let 

c = 8 



A + l 



There exist uncountably many sets A of integers such that 
r A, 2 (») = f(n) forallneZ 

and 

a{-x, X ) > (^y 



1/3 



(3) 



5 



Proof. Let 

A = card(/- 1 (0)). 
By Lemma ^ there exists a sequence U — {uk}^Li °f integers such that 

f(n) = card({i <E N : u, = n}) for all integers n (4) 

and 

k + A 

l-ufcl < — ^ — for all A; >1. (5) 

We shall construct a strictly increasing sequence {ik}kLi of positive integers 
and an increasing sequence {Ak}^^ of finite sets of integers such that, for all 
positive integers k, 

(i) 

\A k \ = 2k, 

(ii) There exists a positive number c such that 

A k C [-cfc 3 ,c/c 3 ] 

(hi) 

rA k ,2{n) < f(n) for all n € Z, 

(iv) For j = l,...,fc, 

»*A fe ,2(wj) > card({i <ik'iH = Uj}). 

Let {^fej^Lj be a sequence of finite sets satisfying (i)-(iv). We form the 
infinite set 



A=[JA 



k- 
k=l 

Let cc > 8c, and let k be the unique positive integer such that 

ck 3 < x < c(fe + l) 3 . 
Conditions (i) and (ii) imply that 

A(-x,x) > \ A k \ = 2k > 2 (^) 1/3 - 2 > (^) 1/3 

Since 

f(n) = lim card({i < i k '■ Ui = n}), 

— >oo 

conditions (iii) and (iv) imply that 



rA,2{n) = lim r\4 fc .2(") = /(") 

/c — >oo 



for all n G Z. 
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We construct the sequence {^fel^Lj as follows. Let i\ — 1. The set A\ will 
be of the form A\ = {a± + Ui t , — ai}, where the integer a\ is chosen so that 
2A\ n / (0) = and a\ + u.^ ^ —a\. This is equivalent to requiring that 

2a x £ (/- x (0) - 2u n ) U (-r\0)) U {-^}. (6) 

This condition excludes at most 1 + 2A integers, and so we have at least two 
choices for the number a\ such that |ai| < 1 + A and a\ satisfies Since 
IwiJ = |wi| < (1 + A)/2 and 

3(1 + A) 

\ai +u il \ < \ax\ + < , 

it follows that A\ C [— c, c] for any c > 3(1 + A)/2, and the set A\ satisfies 
conditions (i)-(iv). 

Let k > 2 and suppose that we have constructed sets A\, . . . ,Ak—i and 
integers i\ < • • • < i k -i that satisfy conditions (i)-(iv). Let i k > ih-x be the 
least integer such that 

r 4-l,2(«.J < /OiJ- 



Since 



ifc-l< r Ak _ ia {n) 

ne{«i,«2,---,«i fc -l} 

nez 

'2fc - 1" 
2 



< 2fc 
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it follows that 

Also, (0 implies that 



i k < 2k 2 . 



Kl<^<* 2 + f. (7) 



We want to choose an integer at such that the set 

A k = A k -i U {a k + u ik , -a k } 
satisfies (i)-(iv). We have \A k \ — 2k if 

ak + Ui h ^ -a k 

and 

A k -i n {a k + u ik ,~a k } = 0, 
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or, equivalently, if 

a k £ {-A k _ x ) U (A k _x - u lk ) U {~u lk /2}. (8) 

Thus, in order for A k _\ U {a k + — ak} to satisfy condition (i), we exclude at 
most 2|Afe_i| + 1 = 4fc — 3 integers as possible choices for ak- 
The set Ak will satisfy conditions (hi) and (iv) if 

2A fc nr 1 (0) = 

rA fc _i,a(ra) for a11 n e ^Ak-\ \ {u ik } 
Mn,2(«) + 1 for n = u ik 

1 for all ne2A k \ {2A k -i U }) . 

Since the sumset 2Ak decomposes into 

2A k = 2 (A k -i U {a k + u ik , -a fe }) 

= 2A k -i U (A fc _i + {a fe + , -a fc }) U 2a fe + 2u lfc , -2a k }, 

it sufhees that 

(A fc _i + {a k + u %k , -a fc }) n 2A fe _! = 0, (9) 

(4 fc _i + {a fe + u lkl -o fc }) n /- x (0) = 0, (10) 

(A fc _i + a fc n (A fe _! - a fc ) = 0, (11) 

{2a fe + 2w lfc , -2a k } n 2A fe _! = (12) 

{2a fc + 2 Mlfc ,-2a fe }n/- 1 (0) = (13) 

{2a fc + 2u %k , -2a fc } n + {a fc + , -o fc }) = 0. (14) 

Equation @ implies that the integer a k must be chosen so that it cannot be 
represented either in the form 

a k = Xi + x 2 - x 3 - u ik 

or 

ak = xi - x 2 - x 3 , 

where x\, X2,x$ G Ak-i- Since card(Afc_i) = 2(fc — 1), it follows that the number 
of integers that cannot be chosen as the integer ak because of equation @ is at 
most 2(2(fc - l)) 3 = 16(fc - l) 3 . 

Similarly, the numbers of integers excluded as possible choices for a k because 
of equations (TOjl. (fTTf l . iJUJl, (JTSJ, and O are at most 4A(fc-l), 4(fc-l) 2 , 8(fc- 
1) 2 ,2A, and 8(fc — 1), respectively, and so the number of integers that cannot 
be chosen as a k is 

16(fc-l) 3 + 12(fc - l) 2 + (4A + 8)(fc - 1) + 2A 
= 16fc 3 - 36fc 2 + (32 + 4A)fc - 2A - 12 
< (16 + A)fc 3 - 4fc 2 - 32fc(fc - 1) - 2A - 12. 
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Let 



"A + l" 



The number of integers a with 
\a\ < ck 3 

is 



k 2 — 


"A + l" 


-(. + 


"A + l" 


) fc 3 - k 2 - 


"A + l" 




2 




2 




2 



(15) 



16 + 2 



A + l 



k A -2k 2 -2 



A + l 



2 

' 2fc 2 



> (16 + A) k 

If the integer a satisfies i[15|l. then Q implies that 

|a + uj < M + KI <cfc 3 . 

It follows that there are at least two acceptable choices of the integer such 
that the set Ak = Ak-i U {at + Ui kl —a,k} satisfies conditions (i)-(iv). Since 
this is true at each step of the induction, there are uncountably many sequences 
{Ak}kLi that satisfy conditions (i)-(iv). This completes the proof. □ 

We can modify the proof of Theorem to obtain the analogous result for 
the restricted representation function fA,i{n). 

Theorem 2 Let f : Z — > N U {oo} be any function such that 

cardCT^O)) < oo. 

Then there exist uncountably many sets A of integers such that 

r A.2(n) = f(n) for all n G Z 

and 

A(-x,x) > x 1/3 . 



4 Representation functions for bases of order h 

We can also prove similar results for the representation functions of asymptotic 
bases and restricted asymptotic bases of order h for all h > 2. 

For any set A C Z, the representation function rA,h{n) counts the number 
of ways to write n in the form n = a\ + a2 + • ■ • + <z/j, where a±, a%, . . . , G A 
and a\ < a-i < ■ ■ ■ < a^. The set A is called an asymptotic basis of order h if all 
but finitely many integers can be represented as the sum of h not necessarily 
distinct elements of A, or, equivalently, if the function 

r A ,h ■ Z -> N U {oo} 
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satisfies 

card(r^(0)) < oo. 

Similarly, the restricted representation function rA,h(n) counts the number of 
ways to write n as a sum of h pairwise distinct elements of A. The set A is 
called a restricted asymptotic basis of order h if all but finitely many integers 
can be represented as the sum of h pairwise distinct elements of A. 

Theorem 3 Let f : Z — > No U {00} be any function such that 

card(/ -1 (0)) < 00. 

There exist uncountably many sets A of integers such that 

rA,h{n) = f(n) for all n e Z 

and 

A(-x,x)->x 1/( - 2h - 1 \ 
and there exist uncountably many sets A of integers such that 

fA,h( n ) = f( n ) f° r al1 n eZ 

and 

A(-x,x)^x 1/(2h - 1 l 
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